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Abstract. We study multiple zeta values (MZVs) from the viewpoint of zeta-functions 
associated with the root systems which we have studied in our previous papers. In 
fact, the r-ple zeta-functions of Euler-Zagier type can be regarded as the zeta-function 
associated with a certain sub-root system of type C r . Hence, by the action of the Weyl 
group, we can find new aspects of MZVs which imply that the well-known formula for 
MZVs given by Hoffman and Zagier coincides with Witten's volume formula associated 
with the above sub-root system of type C r . Also, from this observation, we can prove 
some new formulas which especially include the parity results of double and triple zeta 
values. As another important application, we give certain refinement of restricted sum 
formulas, which gives restricted sum formulas among MZVs of an arbitrary depth r which 
were previously known only in the cases of depth 2, 3, 4. Furthermore, considering a sub- 
root system of type B r analogously, we can give relevant analogues of the Hoffman-Zagier 
formula, parity results and restricted sum formulas. 



1. Introduction 

Let N, No, Z, Q, R, C be the set of positive integers, non-negative integers, rational 
integers, rational numbers, real numbers, and complex numbers, respectively. 

We define the Euler-Zagier r-ple zeta-function (simply called the Euler-Zagier sum) by 

(1.1) Cr(si,...,s r )= ' 

0<ni<---<n r 
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where s±, . . . , s r are complex variables. When (s\, S2, ■ ■ ■ , s r ) G N r (s r > 1), this is called 
the multiple zeta value (MZV) of depth r first studied by Hoffman [8j and Zagier [ID]. 
Though the opposite order of summation in the definition of Cr(si, ■ ■ ■ , s r ) is also used 
recently, we use the order in (jl.ip through this paper because it is natural in our study. 
In the research of MZVs, the main target is to give non-trivial relations among them, in 
order to investigate the structure of the algebra generated by them (for the details, see 
Kaneko [12]). 

In our previous papers |14]-|21] and [29], as more general multiple series, we defined 
and studied multi-variable zeta-functions associated with root systems of type X r (X = 
A, B, C, D, E, F, G) denoted by £.( s lj • • • > s n\ X r ) where n is the number of positive roots 
of type X r (see definition (|2.1|) ). In particular when s% = ■ ■ ■ = s r = s, ( r (s, . . . ,s;X r ) 
essentially coincides with the Witten zeta-function (see Witten [38] and Zagier [40]). An 
important fact is 

(1.2) ( r (2k,2k,... ,2k; X r ) € Q • vr 2fcn (fc € N), 

which is a consequence of Witten's volume formula given in [38]. Since we considered 
multi-variable version of Witten zeta-function, we were able to determine the rational 
coefficients in (|1 .2j) explicitly in a generalized form (see \20\ Thoerem 4.6]). 
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Recently, in our previous paper |22j . we regarded MZVs as special values of zeta- 
functions of root systems of type A r , and clarified the structure of the shuffle product 
procedure for MZVs from this viewpoint. In fact, we showed that the shuffle product 
procedure can be described in terms of partial fraction decompositions of zeta-functions 
of root systems of type A r . 

The main idea in the present paper is to regard (|1.1|) as a specialization of zeta-functions 
of root systems of type C r (see below) . It is essential in our theory that C r is not simply- 
laced. In fact, there exists a subset of the root system of type C r so that the Euler-Zagier 
sum (jl.ip is the zeta- function associated with this subset (see Section [3J). This subset itself 
is a root system, and hence the Weyl group naturally acts on (jl.ip . General fundamental 
results will be stated in Section [31 and their proofs will be given in Section As a 
consequence, it can be shown that a kind of formula (|1.2|) corresponding to this sub-root 
system implies the well-known result given by Hoffman [8j Section 2] and Zagier [40 1, 
Section 9] independently: 

(1.3) ( r (2k, 2k, . . . , 2k) e Q • 7r 2kr (k € N) 

(see Corollary 14. 2|) . 

Furthermore, based on this observation in the cases when r = 2, 3, we will give explicit 
formulas for double series and for triple series (see Proposition l5.1l and Theorem 15. 2 1) which 
include what is called the parity results for double and triple zeta values (see Corollary 

EM- 

Similarly we can consider analogues of those results corresponding to a sub-root system 
of type B T . In fact, we can define a -B r -type analogue of Cr(s) by 

oo r .. 

i(2> ._, • , -i m-j + m r ) Si 

mi,...,m r = l!=l v L^i]=r— i+L J ') 

which is a "partial sum" of the series of Cr( s ) (see Section [6]). From the viewpoint of root 
systems, we see that this has some properties similar to those of Cr( s ), because the root 
system of type B r is a dual of that of type C r . Actually we can obtain an analogue of (|1.3j) 
for this series (see Corollary 16. 2p . We also prove a formula between the values of C^( s ) an d 
the Riemann zeta values (see Theorem [63]), which gives the parity result corresponding to 
type B r (see Theorem 16. 4p . This result plays an important role in a recent study on the 
dimension of the linear space spanned by double zeta values of level 2 given by Kaneko 
and Tasaka (see |13j). 

The fact that parity results hold in those classes implies that those are "nice" classes. In 
Section [8J we will study those classes from the analytic point of view, and prove that those 
classes, as well as the subclass of zeta-functions of root systems of type A r introduced in 
[22] . are "closed" in a certain analytic sense. 

Another important consequence of our fundamental theorem in Section [3] is the "refined 
restricted sum formulas" for the values of Cr( s ) and Cr( s )> which are embodied in Corollaries 
14.11 and 16.11 One of the famous formulas among MZVs is the sum formula, which is, in 
the case of double zeta values, written as 



(1.5) 



K-l 

J2( 2 (K-j,j) = ((K) (ifeZ> 3 ). 

i=2 
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Gangl, Kaneko and Zagier [7] obtained the following formulas, which "divide" (|1,5|) for 
even K into two parts: 

(2(2a,2b) = ^((2N)£Q-ir 2N (N € Z> 2 ), 

a,i6N 

(1.6) 

^ C2(2a-l,26 + l) = -C(27V)GQ-vr 27V (AT e Z> 2 ), 

a,6SN 
a + b=JV 

which are sometimes called the restricted sum formulas. More recently, Shen and Cai [35] 
gave restricted sum formulas for triple and fourth zeta values (see (|7.ip and (|7,2p ). As 
we will discuss in Section our Corollaries 14.11 and 16.11 give more refined restricted sum 
formulas for C r (s) and for Cr( s ) of an arbitrary depth r. From these refined formulas we 
can deduce the restricted sum formulas for an arbitrary depth r, actually in a generalized 
form involving a parameter d (see Theorems 17.11 and I7.3P . 

A part of the results in the present paper has been announced in [23] , 



2. ZETA-FUNCTIONS OF ROOT SYSTEMS AND ROOT SETS 

In this section, we recall the definition of zeta-functions of root systems studied in our 
papers [2]- [20]. For the details of basic facts about root systems and Weyl groups, see 

El El ED]. 

Let V be an r-dimensional real vector space equipped with an inner product (•, •}. The 
dual space V* is identified with V via the inner product of V. Let A be a finite irreducible 
reduced root system, and ^ = {ai, . . . , a r } its fundamental system. We fix A + and A_ as 
the set of all positive roots and negative roots respectively. Then we have a decomposition 
of the root system A = A + ]J A . Let Q = Q(A) be the root lattice, Q y the coroot 
lattice, P = .P(A) the weig ht lattice, P v the coweight lattice, and -P++ the set of integral 
strongly dominant weights respectively defined by 



ia 4 v , 



i=i i=i 

r r r 

P = 0ZA,, P v = 0ZA, v , P ++ = 0NA 4 , 

i=l i=l i=l 

where the fundamental weights {Aj}^ =1 and the fundamental coweights {Aj}^ =1 are the 
dual bases of X I ,V and * satisfying (a^,\j) = 5ij (Kronecker's delta) and (A^, ctj) = 5ij 
respectively. 

Let a a : V — >• V be the reflection with respect to a root a £ A defined by 



a a : v i-> v — (a v ,v)a. 

For a subset A C A, let VF(^4) be the group generated by reflections a a for all a € A. In 
particular, W = W(A) is the Weyl group, and {aj := a aj \ 1 < j < r} generates W. For 
w G W, denote A„ = A + n w _1 A_. The zeta- function associated with A is defined by 

(2.1) Cr(s,y;A)= e2miy,X) II 



(a v ,A) s -' 

AGP++ a£A + x ' 1 

where s = (s q ,) q , ( =a + S C' a+ ' and y (zV. This can be regarded as a multi-variable version 
of Witten zeta-functions formulated by Zagier [30] based on the work of Witten 
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Let A* be a subset of A+. We call A* a root set (or a root subset of A + ) if, for any Xj 
(1 < j < r), there exists an element a £ A* for which (a, Xj) 7^ holds. We define the 
zeta-function associated with a root set A* by 

(2.2) as,y;A*)= £ e-^> J] 7^- 

In the case y = 0, this zeta-function was introduced in |16j . When the root system is of 
type X r , we write A = A(X r ), A* = A*(X r ), and so on. 

Remark 2.1. The notion of C r (s,y; A*) depends not only on A*, but also on A + , because 
the summation on (|2.2p runs over all strongly dominant weights associated with A + . 

3. Fundamental formulas 

In this section, we state several fundamental formulas which are certain extensions of 
our previous results given in |16 t 117 1 [20]. Proofs of theorems stated in this section will be 
given in Section [9l 

Let ~f be the set of all bases V C A + . Let V* = {fJ%}peV be the dual basis of 
V v = {P v }p e v. Let L(V V ) = 0£ gV Z/3 v . Then we have |Q V /L(V V )| < oo. Fix G V 
such that (4>, fiY) ^ for all V G "V and j3 G V. If the root system A is of Ai type, then 
we choose (ft = a\. We define a multiple generalization of the fractional part as 

lv)v, = / {(y '^ )} 0), 

w \i-{-(y^J)} {{htfxo), 

where the notation {x} on the right-hand sides stands for the usual fractional part of 
x G R. Let T = {t G C | \t\ < 2vr}l A +l. 

Definition 3.1. For t = (i Q ) a <=A + € T and y G V, we define 



F(t,y;A)=£( J] ^ 

ver 7 gA + \v 



1 V- /tt fyexp(fy{y + g} V|/ ; 

|QV /jL(V v)| vll e *,_i 



n 

9 GQ V /L(V V ) 

4-k a 



= I! nk,y;A) n 

which is independent of choice of 0. 

Remark 3.2. In [T7], _F(t,y; A) is defined in a different way. The above is |17} Theorem 
4.1]. In particular when A = A(A\), we see that 

F(t,y;A(A 1 )) = ^-, 
e 1 — 1 

which is the generating function of ordinary Bernoulli periodic functions {B^^y})}. 
Let 

( 3 - 2 ) S( S ,y;A)= ^ <y ' A> II 7^V< 

\eP\H A v aeA+ x ' 1 

where H&y = {v G V \ (a v ,v) = for some a G A} is the set of all walls of Weyl 
chambers. For s G C' A+ ', we define (ws) a = s w -i a , where if w~ 1 a G A_ we use the 
convention s_„ = s n . 
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Proposition 3.3 ([Ml Theorem 4.4], [FT] Proposition 3.2]). 

S(k,y; A) = £ ( ]J (-l) fc ") O^k, ^y; A) 
toeVK aeA + n«)A_ 

<3 ' 3) .(-^^^(n^ 

/or fc a € Z>2 fa € A + J. 

Remark 3.4. It should be noted that the formula (|3.3p holds in the cases k a = 1 for some 
a E A + , while it does not hold in the cases &; Q = for any a E A + . 

For v € V, and a differentiable function / on V, let 

/(y + hv)-/(y) 

and for a E A + , 



(<9 v /)(y) = lim 




t Q =o 



1 d 2 



dt 

Let A* C A + be a root set and let A = A + \ A* = {ui, . . . , z/jv} C A + , and define 
Similarly we define 

1 a2 

C a v, 

(3.5) J) A2 = 2)^,2 -3)^,2. 
Further, let A,- = {z>i, . . . , i/,-} (1 < j < N - 1), A = 0, and 

y A = {ver\ u j+1 i L.h.[v n Aj] (o < j < n - i)}, 

where L.h.[ • ] denotes the linear hull (linear span). Let 8& be the set of all linearly 
independent subsets R = {/3i, . . . , /3 r _i} C A and 

(3.6) Sj m := (J (L.h.[R v ] + g). 

Remark 3.5. It is to be noted that y E if and only if (y + g, //Y) E Z for some 
V E ^, /3 E V, g E Q v . In fact, if y E then we can write y = Y%Zi a jP) + 9 i. a j 6 K )- 
We can find an element /3 r E A such that V = {Pi, . . . , j3 r } E Then (y—q, //Y ) = 0eZ. 
Conversely, assume (y + q,fij) = c E Z. Write V = {/3i, . . . , /3 r _i, /3}. Since this is a 
basis, we may write y + q = YfjZi a jPj + a /^ V with a,, a E R. Then c = (y + g, /zY) = a, 
especially a E Z. Therefore a/3 v — q E Q v , which implies y E i^. 

Definition 3.6. For A + \ A* = A = {v\, . . . , v N } C A + , tA* = {t a }aeA* and y E V, we 
define 

FA*(t A .,y;A)= (-1) IAV| 

( 3 - ? ) X Ul(VUA) ^-^V\A^(7 V ,^). 

1 / tt exp(fy{y + g} v ^) 

|Q V /L(V V )[ ^ V 11 e*" - 1 
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Theorem 3.7. For A + \ A* = A = ... , vn) C A +; tA* = {t a }aeA* and y G V\fi&. 
we have 

(3.8) (® A F) (t A * , y; A) = {®a, 2 f) (t A . , y; A) = F A » (t A * , y; A), 

and hence is independent of choice of the order of A. The function Fa* (t A * , y; A) is the 
continuous extension of (®aF) (t A * , y; A) in y in the sense that (® A F)(t A *,y + c(j);A) 
tends continuously to .F A *(t A *,y; A) when c — > 0+, and is holomorphic with respect to 
t A * around the origin. 

Definition 3.8. For A* C A + and t A * = {t a }aeA*, we define Va* (k A * , y; A) by 

Fa* (t A * 5 y; A) 

= £ ^(k A .,y;A) [J 
Theorem 3.9. For s = k = (k a ) ae A + with k a G Z> 2 (a G A*j, A; Q = (a G A + \ A*j, 

(3.9) J2{ II ("l^^Cr^k^-V^) 



(-l)l^^.( ka ., y ;A)(n^) 



provided all the series on the left-hand side absolutely converge. 

Assume that A is not simply-laced. Then we have the disjoint union A = A; U A s , 
where A; is the set of all long roots and A s is the set of all short roots. 

Note that if there is an odd k{, then both hand sides vanish in ()3.9|) . On the other hand, 
when all k^s are even, by applying Theorem l3.9l to A* = A; or A s , we obtain the following 
theorem immediately, which is a generalization of the explicit volume formula proved in 
[201 Theorem 4.6]. 



Theorem 3.10. Let Ai = A L (resp. A J, A 2 = A s (resp. A t ), and A j+ = Aj n A + 
(j = 1,2). Then Aj + (j = 1,2) is a root subset of A+. For S\ = ki = (k a ) a ^Ai+ with 
k a = k G 2N (for all a G Ai + ) and v G P v /Q v , we have 

(3.10) Cr(ki,i/;A 1+ ) = t^P Al+ (ki,i/;A)( J] ^j 1 )- 

Remark 3.11. Let s = k = (k a ) a& A+ with k a = k G 2N (a G Ai+) and fca = 
(a G A 2 +). Then obviously Cr(ki, v, Ai+) = £ r (k, z/; A). Our proof of Theorem 13.101 is 
actually based on the latter viewpoint. 

4. Multiple zeta values and zeta-functions of root system of type C r 

Now we study MZVs from the viewpoint of zeta-functions of root systems of type 
C r . For A = A(C r ), we have the disjoint union A^ = (A i+ ) v U (A s+ ) v , where A i+ = 
A l+ (C r ) = A t (C r ) n A + (C r ), A s+ = A s+ (C7 r ) = A s (C r ) D A+(C r ), and 

(A/ + ) = \a r , a r _ x + a r , a r _ 2 + a r _ x + a r , . . . , a\ H + a r ). 

Since P v /Q v = {0, A^}, Therefore, for s; = (s a ) ae Ai + , we have 



( r ( Sl ,0;A l+ (C r ))= Y, 11 



111 1 ,ii r =l tA Ej=r-i+l + '"' 
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C r (s,,A r v ;A, + (C r )) = Yl II 



mi,...,m P =li=l (Ei=r-i+l m J + m -) Sl 

where the first equation is exactly the Euler-Zagier sum Cr( s l; ■ ■ ■ , s r ) (see (|l.ip ). In order 
to apply Theorems 13.91 and 13. 101 to MZVs, we rewrite the root system of type C r in terms 
of standard orthonormal basis {ei, . . . ,e r }. We put a( = ei — e^+i for 1 < i < r — 1 and 
a.y = e r . Then we have 

f a w r_ V ViV ViViV ViiV t 
(A, + ) = {a r = e r , + a r = e r _i, a r _ 2 + a r _ 1 + a r = e r _2, . . . ,a 1 -\ \-a r =e%\. 

In this realization, we see that W(C r ) = (Z/2Z) r xi & r , where S r is the symmetric group 
of degree r which permutes bases, and the j-th Z/2Z flips the sign of ej. Since the sign 
flips act trivially on the variables s,, from Theorem 13.91 we obtain the following formulas. 
These are the "refined restricted sum formulas" for Cr( s ), which we will discuss in Section 

m 

Corollary 4.1. Let A = A(C r ). For (2k)/ = (2k a ) ae/ll+ = (2kx, . . . , 2k r ) G (2N) r and 
(4.1) Yl (r(°-H2k) h v- A,+) = { -^V Al+ ((2k),, i/; A) f[ 7^ e Q ■ vr 2 ^- k > . 

ae&r 3=1 ^ 

In particular when v = 0, 
(4-2) 

Y tr(2K- Hl) , . . . , 2k a - Hr) ) = Hl!p Ai+ ((2k),, 0; A) f[ e Q • tt 2 ^ fc '. 

Also Theorem 13.101 in the case of type C r immediately gives the following. 
Corollary 4.2. Let A = A(C r ). For (2k), = (2fc, . . . ,2fc) with any k € N, 

(4.3) Cr(2fe, 2fc, . . . , 2fc) = ^-j-P Ai+ ((2k),, 0; A) j^y^r € Q ■ vr 2 ^. 
Remark 4.3. The fact 

Cr(2k a - Hl) ,...,2k a - 1(r) )eq-7T 2 ^^ 

was first proved by Hoffman [81 Theorem 2.2]. This gives the well-known result 

Cr(2fc,...,2A;) £Q-7r 2kT , 

which was also given by Zagier [40, Section 9] independently. Broadhurst, Borwein and 
Bradley gave explicit formulas for these values in [5j Section 2]. Also it is known that 

(4.4) Cr(2K...,2k)=C^ { -^, 
where 

c#> = 1, c» = i -£(-iy Q£) B 2lt c^ (n > i). 

Formula (|4.4p was first published in the lecture notes [1], [2] written in Japanese (Exercise 
5, Section 1.1 of those lecture notes). See also Muneta [32]. 

We emphasize that (|4.4p can be regarded as a kind of Witten's volume formula (|4.3p . 
Because (j4.3j) and (|4.4p in the case r = 1 are both Euler's well-known formula 

(27ri) 2k 

(4-5) C{2k) = - B2k ~2(2kJ (fceN) ' 
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we can see that 7- , A i+ ((2k);, 0; A) and Cr are different types of generalizations of the 
ordinary Bernoulli number B 2 k- 

Example 4.4. Let A = A(C 2 ) be the root system of type C 2 . By Theorem 13.71 we have 



(®A s+ F){t 1 ,t 2 ,y 1 ,y 2 ;A) = 1 + 



(e*i -l)(ti-t 2 ) 



+ ( e *2 _ + i 2 ) + ( e *i - l)( e *2 _ l) 

" ( e *i -l)(t 1+ t 2 ) " ( e *2 -l)(t! + t 2 ) 

fcl,fe2=l 

Set (2/1,2/2) = (0,0) and k = (0, ki, k 2 , 0). Then C 2 (0, fci, & 2 , 0; 2/1,2/2; A) = (2(^1,^2) for 
A = A(C 2 ). Hence it follows from (pT9|) that 

(4.6) (1 + (-l) fel )(l + (-l) fc2 )C 2 (fci, k 2 ) + (1 + (-l) fc2 )(l + (-1)^X2(^2, fci) 

= (-l) 4 V Al+ (k 1 ,k 2 ,0AA) [ g-^ 

for ki,k 2 > 2. 

For example, we can compute 

P A;+ (4,4,0,0;A) 

ct 

C 2 (4,4) 



g 300 

from the above expansion. Hence we obtain 

(-1) 4 1 (2vri) 8 vr 8 



8 6300 (4!) 2 113400' 

Similarly we can compute (, 2 (2k,2k) for k G N, though in this case we can also compute 
Q 2 {2k, 2fc) by using the well-known harmonic product formula for double zeta values 

(4.7) ctoC(t) = C 2 (s, *) + C2(*, s) + C(s + 1). 

In the next section, we introduce a slight generalization of Corollary 14.21 which gives 
evaluation formulas of C2(k, I) for odd k + / in terms of £(s) (see Proposition 15.11) . 

Remark 4.5. In the general C r case, considering the expansion of 

(2)A s+ F)(t A;+ ,0;A(C r )) 

similarly, we can systematically compute C r (2k, . . . ,2k). Moreover, considering the case 
v 7^ for £ r (s, v\ A(C r )), we can give character analogues of Corollary 14.21 for multiple 
L- values, which were first proved by Yamasaki [39j . 

5. Some relations and parity results for double and triple zeta values 

In Theorem 13.91 we considered the sum over W on the left-hand side of (|3.9p . Here, 
more generally, we consider the sum over a certain set of minimal coset representatives on 
the left-hand side of ()3.9p . In this case, it is not easy to execute its computation directly. 
Hence we use a more technical method which was already introduced in [19]. First we 
show the following result for double zeta values corresponding to a sub-root system of type 
C 2 , where the number of the terms on the left-hand side is just the half of that on the 
left-hand side of (flM . 
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Proposition 5.1. For p,q G N>2, 

(i + (-inC 2 (p,g) + (i + (-i) 9 )C2(g,p) 

[p/2] 



3=0 V 9 J 
[9/2] / _ o ■ _ 1 \ 

+ 2 £ _7 c(2i)c(P+?-2i)-c(P+ 

o— n \ P J 



Proof. The proof was essentially stated in |19|. Theorem 3.1] which is a simpler form of a 
previous result for zeta-functions of type A2 given by the third-named author [37} Theorem 
4.5]. In fact, setting (k,l,s) = (p,q,0) in [19, Theorem 3.1], we have 

C(p)C(ff) + (-1) P C2(P,<Z) + (-l) q Uq,p) 

[p/2 



i=o v q / 

+ 2 EC + ;: 2 r 1 ) c(2j)c(p+, - 2j) - 



i=o 

Combining this and (|4.7p . we have the assertion. □ 

In particular when p and g are of different parity, we see that C 2 (p> q) £ Q[{C(i + 1) I i G 
N}] which was first proved by Euler. For example, we have 

C 2 (2,3)=3C(2)C(3)-yC(5). 

Next we consider triple zeta values. From the viewpoint of the root system of C3 type, 
we have the following theorem. Note that, unlike the case of double zeta values, this result 
seems not to be led from the result on the case of type A3 (cf. [291 Theorems 5.9 and 
5.10]). 

Theorem 5.2. For a, b, c € N>2, 
(1 + (-l) a )C 3 M,c) + (1 + (-l) b ){( 3 (b,a,c) + C 3 (6,c,a)} + (-1) 6 (1 + (-l) c )C 3 (c, b, a) 

[a^2] 

+EcpoE(" + ^ 2f )(" +c :r 2 )c 2 «.-2« +w+ i, 0+c -i-w) 

[c/2] c-2£ 



xj, ^ fuj + b— 1\ /a + c — 2£ — a; — 1\ ^ 

+ (-l) 6 £C(2£)£ f W 2 )C 2 (6 + a;,a + c-2e-a;) 

+ ( -i)'|:a20E( 1J + i, - 2? )(" +c -j- 2 )c 2 (<.-2{ +w+ i, o+c -i-w)} 

- C 2 (a + 6, c) - (1 + (-1)%(&, a + c) - (-1) 6 C 2 (6 + c, a). 
The proof of this theorem will be given in Section [TUJ 
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This theorem especially implies the following result which was proved by Borwein and 
Girgensohn (see [3]). 

Corollary 5.3. Let 

x = Q[{CU + i)Mk,i + i)hkw] » 

namely the Q-algebra generated by Riemann zeta values and double zeta values at positive 
integers except singularities. Suppose a,b,c G N> 2 satisfy that a + b + c is even. Then 
C 3 (a,&,c) G X. 

Proof. We recall the harmonic product formula 

(5.1) ( 3 (a, b, c) + C 3 (6, a, c) + Cs(&, c, a) = C(a)C2(&, c) - £2(6, c + a) - (2(0 + b, c) 

for a, 6, c G N> 2 (see [12]). 

Let a,b,c G N>2 satisfying that a + 6 + c is even. First we assume that a, 6, c are all 
even. Then, combining Theorem 15.21 and (|5.ip . we see that £3(0,6,0) G X. 

Next we assume that a is even and b, c are odd. Then, by Theorem 15. 2\ we see that 
C 3 (a,&,c) G X. 

As for other cases, we can similarly obtain the assertions by using Theorem 15.21 and 
(|5.ip . Thus we complete the proof. □ 

Remark 5.4. The following property of the multiple zeta value is sometimes called the 
parity result: 

The multiple zeta value Cr{k\, k2, ■ ■ ■ ,k r ) of depth r can be expressed as a rational linear 
combination of products of MZVs of lower depth than r, when its depth r and its weight 
Y^j=i kj are of different parity. 

The fact in case of depth 2 was proved by Euler, and that of depth 3 was proved by 
Borwein and Girgensohn (see [1]). Further they conjectured the above assertion in the case 
of an arbitrary depth. This conjecture was proved by the third-named author [36] and by 
Ihara, Kaneko and Zagier [11] independently. It should be stressed that our Corollary 15.31 
gives an explicit expression of the parity result for the triple zeta value under the condition 
a,b,c£ N> 2 . 

Therefore it seems important to generalize Theorem 15.21 in order to give an explicit 
expression of the parity result of an arbitrary depth. 

Example 5.5. Putting (a, b, c) = (2,2,4) in Theorem 15.21 we have 

2C 3 (2, 2, 4) + 2{C 3 (2, 2, 4) + Cs(2, 4, 2)} + 2C 3 (4, 2, 2) 

= 2C(4)C 2 (2, 2) + C(2){8C 2 (4, 2) + 12C 2 (3, 3) + 16C 2 (2, 4) + 16C 2 (1, 5)} 

- 16C 2 (6,2) -20C 2 (5,3) -25C 2 (4,4) -24C 2 (3,5) -17C 2 (2,6). 

Therefore, using (|5.ip . we obtain 

C 3 (4, 2, 2) = C(4)C 2 (2, 2) + C(2){4C 2 (4, 2) + 6C 2 (3, 3) + 7C 2 (2, 4) + 8C 2 (1, 5)} 

23 15 

- 8C 2 (6,2) - 10C 2 (5,3) - yC 2 (4,4) - 12C 2 (3,5) - yC 2 (2,6) G X. 

Note that this formula can be proved by combining known results for MZVs given by the 
double shuffle relations and harmonic product formulas (see, for example, [31[ Section 5]). 

Remark 5.6. If we replace ()10.3p (in Section \10\i by 

J2 (-l) l+m x l y m e< l+m ^, 

leN rn£Z* 

and argue along the same line as in the proof of Theorem I5.2| then we can obtain 
(1 + (-If) (1 + (-l) c ) {( 3 (a, b, c) + Ca(a, c, b) + ( 3 (c, a, &)} 
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I? 



+ (1 + (-1) 6 J (1 + (-l) c ) {Cs(c, b, a) + Ub, c, a) + ( 3 (b, a, c)} 

€Q[{C(i + i)|j eN}] 

for a, b, c € N>2- In particular when a, 6, c are both even, we have (|4.4p for the triple zeta 
value which can be regarded as a kind of Witten's volume formula (|4.3f) (see Section 2]). 
Furthermore, when a is odd and both b and c are even, then 

C 3 (c, 6, a) + ( 3 (b, c, a) + ( 3 (b, a, c) € Q [{C(j + 1) | i € N}] . 

Note that this result can also be deduced by combining (|5.1|) and Proposition 15.11 

6. Multiple zeta values associated with the root system of type B r 

In this section we discuss the -B r -analogue of our theory developed in the preceding two 
sections. 

As for the root system of type B r , namely for A = A(B r ), we see that 

(A s+ ) v = {a^, 2a,y_i + a).,2a r _ 2 + 2a^'_ 1 + a£ , . . . , 2a\ + ■ ■ ■ + 2a^_ 1 + a%}. 
Therefore for s s = (s q ) qG a s+ we have 

oo r j 

(6.1) C,(s s ,0;A s+ (S r ))= ^ IItTF^i —^7' 

mi,...,m r =li=l \ ^— 'J=r— i+l J < ) 

which is a partial sum of Cr( s )- For example, we have 



oo ^ 

(6.2) C 2 (s s ,0;A s+ (B 2 ))= ^ — — 

z — ' m Sl (2l + m r 2 

i,m=l V ' 

oo ^ 

(6.3) C3(s s ,0;A s+( ^3))= E n ^2m + n)H2l + 2m + n)^ 

l,m,n=l 

where Sj = s aj corresponding to otj G A s+ . 

From the viewpoint of zeta-functions of root systems, values of (|6.ip at positive integers 
can be regarded as the objects dual to MZVs, in the sense that B r and C r are dual of 
each other. Hence we denote ()6.ip by Cr( s i) ■■■ ,s r ). 

Since W(B r ) ~ W(C r ), just like Corollary 14.11 from Theorem 13.91 we can obtain the 
following result, which gives the "refined restricted sum formulas" for Cr( s )- 

Corollary 6.1. Let A = A(B r ). For (2k) s = (2k a ) aeA + = (2ki, . . . ,2k r ) G (2N) r and 

(6.4) £ C r (^ 1 (2k) s , l ,;A i+ ) = i^p As+ ((2k) s ,^;A)n^^ G Q-vr 2 ^^. 

In particular when v = 0, 
(6-5) 

E Cl(2^- 1(1) , . . . ,2k a -i (r) ) = i^p As+ ((2k) s ,0; A) 7^ e Q • tt 2 ^=^\ 

From Theorem l3.1CH we obtain an analogue of Corollary 14. 2\ which is a kind of Witten's 
volume formula and also a _B r -type analogue of (I4.4|) . 



12 YASUSHI KOMORI, KOHJI MATSUMOTO, AND HIROFUMI TSUMURA 



Corollary 6.2. Let A = A(B r ). For (2k) a = (2k, ...,2k) with any kN, 

T (27Ti) 



Cl(2fc ; . . . , 2fc) = ^ P As+ ((2k) s , 0; A) f[ G Q • vr 



2/rr 



Example 6.3. 



C|(2,2)= £ 



1 1 



oo 



— ' n 2 (2m + n) 
n=l v ' 



— vr 4 , 
320 



cl(4,4)= £ 



1 23 



m,n= 
oo 



i n 4 (2m + n) 4 14515200 
1 1369 



7T , 



A (a a\ — ST- j — ±0{J ^ 12 

^' >~ ^ n 6 (2m + n) 6 ~ 871782912000^ ' 

m,n=l 

These formulas can be obtained by calculating the generating function of type B2 similarly 
to the case of type C2 in Example 14,41 (see Section SJ) . Also we can obtain these formulas 
by Theorem 16.41 in the case (p, q) = (2k, 2k) for k G N. However, unlike the ordinary 
double zeta value, these cannot be easily deduced from (|4.7|) . 

Similarly, calculating the generating function of type -B3, we have explicit examples of 
Corollary 16. 2[ 



00 

A (0 2 2) - - = 6 

^ ' ' ; ^ n 2 (2m + n) 2 (2l + 2m + n) 2 40320 



OO 



41(4,4,4)= ]T 



1 23 12 

-vr , 



l,m,n= 
00 



i n 4 (2m + n) 4 (2Z + 2m + n) 4 697426329600 



A (6 6 6 v 1 = 1997 18 

^ ' ' j ^ n 6 (2m + n) 6 (2/ + 2m + n) 6 17030314057236480000 ^ 

l,m,n=l 

Also, similarly to Proposition 15.11 we can obtain the following result whose proof will 
be given in Section [TU1 

Theorem 6.4. For p,q G N>2, 

(6.6) (1 + (-l)P)d(p, q ) + (1 + (-l)i)Cl(q,p) 

b/2] 



j=0 \ y / 

[9/2] , _ 1 _ 9 A 

+ 2 E ^27 ( p - 1 J «2jX(P + 9 " 2i) " C(P + ff). 



i=o 

Theorem 16.41 in the case that p and g are of different parity implies the following. 
Corollary 6.5. Letp,q G N>2- Suppose p and q are of different parity, then 

cS(p>9)eQ[{C0' + i)lieN}], 

which is a parity result for Q • 

Remark 6.6. This parity result for CI(Pj (?) * s important in a recent study of the dimension 
of the linear space spanned by double zeta values of level 2 given by Kaneko and Tasaka 
(see 
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For example, setting (p,q) = (3,2) in (|6.6|) . we have 

<Sft»>- t = + §CMC<3). 

m,n=l v ' 

It should be noted that this property can be given by combining the known facts for double 
zeta values and for their alternating series 



Actually we see that 



<P2{Sl,S 2 )= > -—, — -r 

^— ' n Sl [m + n) 

m,n=l ' 



u 1 
C2( s l> s 2) = ^ {C2(S1,S 2 ) + ^Ol, S 2 )} • 



When p and g are of different parity (p,g£N and g > 2), Euler proved that 

Ca(p,g)eQ[{CO' + l)|jeN}], 

and Borwein et al. proved that 

eQ[{C(i + i)|iGN}] 

(see [3]), from which Corollary 16.51 follows. However (|6.6|) gives more explicit information 
on the parity result for Q(Pi ?)■ 

Furthermore we can obtain the following result which can be regarded as an analogue 
of Theorem 15.21 for type B3. This can be proved similarly to Theorem 15.21 hence we omit 
its proof here. 

Theorem 6.7. For a,b,c G N> 2 , 



(1 + (-l) a )Ci(a, b, c) + (1 + (-lfHCUb, a, c) + Q\{b, c, a)} + (-l) ft (l + (-l) c )C3(c, 6, 

[a/2] a-2§ 



+ eW(2oe( w+6 - 2 ^^ 



/V a — 1 

=0 w=o v 7 v 



+ (-i ) ^2^E( w+ ^ 2e )( a+c :r 2 ) C2(6 -^ +w+i ' a+c - i - w) } 

5=0 w=o V ^ / V a / J 

- C^(a + 6, c) - (1 + (-l) 6 )^, a + c) - (-1)^ + c, a). 



Remark 6.8. In [25], we study zeta-functions of weight lattices of semisimple compact 
connected Lie groups. We can prove analogues of Theorem 13.91 for those zeta-functions by 
a method similar to the above. We will give the details in a forthcoming paper. 
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7. Certain restricted sum formulas for £ r (s) and for £$(s) 

In this section, we give certain restricted sum formulas for Cr( s ) and for £$(s) of an 
arbitrary depth r which essentially include known results. 

As we stated in Section [TJ Gangl, Kaneko and Zagier [7] obtained the restricted sum 
formulas (jl.6p for double zeta values. Recently Nakamura |34j gave certain analogues of 

■m 

More recently, Shen and Cai [35] gave the following restricted sum formulas for triple 
and fourth zeta values: 

(7.1) ]T ( 3 (2a 1 ,2a 2 ,2a 3 ) = ^((2N)-~((2)((2N-2)eQ-n 2N (N G Z> 3 ), 

a-^ ,a2 ,0.3 £N 

(7.2) C4(2ai,2a 2 ,2a 3 ,2a 4 ) 



a-^ ,03 ,0,4 £N 
a l+ a 2+ a 3+ a 4— w 



-C(2AT) - -C(2)C(2iV - 2) G Q • n 2N (N G Z> 4 ). 



Also Machide [26] gave certain restricted sum formulas for triple zeta values. 

Now recall our Corollaries 14.11 and 16.11 In the above restricted sum formulas, the 
summations are taken over all tuples (01, . . . , a r ) satisfying a\ + - ■ - + a r = N. On the other 
hand, the summations in the formulas of Corollaries 14.11 and 16.11 are running over much 
smaller range, that is, just all the permutations of one fixed (ax, . . . , a r ) with a\ + - ■ - + a r = 
N . Therefore our Corollaries give subdivisions, or refinements, of known restricted sum 
formulas. 

Summing our formulas for all tuples (a\, . . . ,a r ) satisfying a\ + ■ ■ ■ + a T = N, we 
can obtain the r-ple generalization of (|1.6|) . (|7.1|) and (|7.2|) . Moreover we can show the 
following further generalization, which gives a new type of restricted sum formulas. 

For d G N and N G N, let 

I r (d, N) = {(2dm , ■ ■ ■ , 2da r ) G (2dN) r | ax H h a r = N} . 

Denote by P r the set of all partitions of r, namely 

r 

Pr= LHOV" ,ju)eW\jx + ---+j u = r}. 

v=\ 

For J = (jx, • • • ,j u ) G Pr, we set 

Ar(d, N, J) = ^((2dh 1 ) ljl] ,...,(2dK) ]j " ] ) G I r (d,N)\hx < ■■■ < h v j, 

where (2h)W = (2h, . . . , 2h) G (2N) j . Then we have the following restricted sum formulas 
of depth r. 

Theorem 7.1. For d G N and JVgN with N >r, 
(7.3) ^ Cr(2dai,...,2da r ) 

ai ,...,a r €N 

(-If 



y — — 

Or /-^ a . . . a | 

r / . . %,_ D Jl- J^- 



£ P Ai+ ((2dk),,0;A(aO)n^^eQ-- MAr . 



(2dk) i gX(rf,A f ,J) 
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Remark 7.2. In the case d = 1 and r = 2,3,4, we essentially obtain (|1.6p . (|7.1|) . (|7.2p . 
Also, in the case N = r,we obtain (|4.3|) stated in Corollary |4.2l More generally, in the case 
d = 1 and r > 2, Muneta [33] already conjectured an explicit expression of the left-hand 
side of CL2D in terms of {((2k) \ k G N}. 



Proof of Theorem \7. 1\ Let (2da%, . . . , 2da r ) G I r (d,N). Denote a set of different ele- 
ments in {ai,...,a r } by {hi,...,h„}, and put j M = ${a m \ a m = h^} (1 < /i < 
We may assume /ii < • • • < h v . We can easily see that there exist a G S r and 
((2d^i)^, . . . , (2dh v )^) G A(d, iV, J) with J = (ji, • • • ,j u ) G P r such that 

(2dai, . . . , 2da r ) = ((2dfci) w , . . . , (2dfc„) [ *' 1 ) ff I 
where we use the notation 

(ki,...,k r ) a = [K{\),--- ,K{r))- 

On the other hand, the set {[{2dh\)^ , . . . , (2dh v )^"') T | r G © r } contains ji! • • • jj-copies 
of each element. In fact, if we denote by 6(1,..., ji) the set of all permutations among 
{1, ji}, then 

V— 1 ^ 

X(J) :=e(l 1 ..,j 1 )x6( J1 +l,..., J1 +j 2 ) x...x6(^ + l,...,^)c6 r 

p=i P =i 

forms the stabilizer subgroup of {{2dhx)^ 1 . . . , (2dh v )^), and hence pC(</) = ji! • • -i^!. 
Therefore, using Corollary 14. H we have 

£ r (2<iai, . . . , 2da r ) = ( r (2dai, . . . , 2da r ) 

«i.-,« r 6N (2da 1 ,...,2da r )eI r (d,N) 

ai~{ ha r = JV 

Z ?1 ,. 1 . 7 - i Z Z Cr(2cZA; CT(1) ,...,2dfe <7(r) ) 

J=(jl,- jV)SPr (2d*i,...,2d* r ) <7S6r 



# E 7^ E PA, +( a,((2<ik)„0;A)n^ i ; 



This completes the proof. □ 

Similarly, using Corollary 16. 1\ we obtain the following. 
Theorem 7.3. For d G N and JVgN wt/i N >r, 
^2 d(2dai, . . . ,2da r ) 



a^,...,a r GN 
aiH \-a r =N 



(-1) 



2diV 



y t 

^=Ui,->>)eFr 

r (o A\2dk p 

E PA. + ((2dk) a ,0;A(B P ))n i 72nr GQ ' 7r 

(2dk) s GX(<i,A r ,J) p=i ^ 

8. Analytically closed subclass 

In this section we observe our theory from the analytic point of view. 

First consider the case of type C r . In Section 0] we have shown that the zeta- functions 
corresponding to the sub-root system of type C r consisting of all long roots are exactly 
the family of Euler-Zagier sums. On the other hand, it is known that the Euler-Zagier 
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r-fold sum can be expressed as an integral involving the Euler-Zagier (r — l)-fold sum in 
the integrand. In fact, it holds that 

1 r Y(s r + z)T(—z) 

(8.1) Cr(si, • • • ,S r ) = — / r \ ( r -l(si,...,S r -2,S r -l + S r + z)((-z)dz 

2 ™ J {k ) T(s r ) 

for r > 2, where —$ls r < k < — 1 and the path of integral is the vertical line from k — ioo 
to k + ioo (see [27J Section 12], [251 Section 3]). This formula is proved by applying the 
classical Mellin-Barnes integral formula ( (|8.2p below), so we may call (|8.1|) the Mellin- 
Barnes integral expression of Cr( s lj • • • > s r)- 

Formula (|8.1|) implies that the family of Euler-Zagier sums is closed under the Mellin- 
Barnes integral operation. (Note that the Riemann zeta-function, also appearing in the 
integrand, is the Euler-Zagier sum with r = 1.) When some family of zeta-functions is 
closed in this sense, we call the family analytically closed. The aim of this section is to 
prove that the subclasses of type B r and of type A r discussed in our theory are both 
analytically closed. 

Proposition 8.1. The family of zeta-functions Cr( s s> 0; A s+ (B r )) defined by (|6.ip is an- 
alytically closed. 

Proof. Recall the Mellin-Barnes formula 

(8.2) ( i + A)--JL/ ^-t^'-'W 

where s, A G C with > 0, A ^ 0, [ arg A| < tt, k is real with — !Rs < k < 0. 
Dividing the factor (2(mi + • • • + m r _i) + m r )~ Sr as 

(2(m 2 + • • • + m,_i) + m r )" s '' ( 1 + ""' ' 



2(m 2 -I h m r _i) + m r 

and applying fj8.2[) to the second factor with A = 2mi/(2(m 2 + • • • + "V-l) + m r ), we 
obtain 

(8.3) 

Cr((si, • • • ,s r ),0;A s+ (B r )) 

^J_f r(s r + z)r(-z) ^ 1 

x (2(m 2 + - + mr-!) + ^ ( 2(m2 + . . + mj ^ 

i y r (Sp + ,)r(-,) g (2mi)2 



m 



r I 



2vri r(a r ) 



mi=l 
oo r— 2 

X 



= i /• r(s r + z)r(-^) ^ ^ ^ + Sr + z ^ . A a+ (B r -i))dz. 

2 ™ T(s r ) 

This implies the assertion. □ 

Next we consider the subclass of type A r which we studied in [22], and prove that it is 
also analytically closed. This part may be regarded as a supplement of [22] . 
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The explicit form of the zeta-function of the root system of type A r is given by 

oo r r /r+h—j \ ~ Sh i 

(8.4) Cr(s, 0; A(A r )) = £ II II ( E m * ) 

mi,...,m r =l h=l j=h \ k=h / 

(where s = (shj)h,j] see [22] formula (13)]). Let a,b £ N, c € No with a + b + c = r. 
The main result in [22j asserts that the shuffle product procedure can be completely 
described by the partial fraction decomposition of zeta-functions (j8.4|) at special values 
s = d = (d h j) h j, where d hj for 

h = 1, 1 < i < c 

(8.5) { h = l, b + c+l<j <a + b + c 

h = a + 1, a + c+ l<j<a + 6 + c 

are all positive integers, and all other dhj are equal to 0. Let A^' 6 ' c ^ = (A r ) be the 

set of all positive roots corresponding to s^j with (h,j) in the list (|8.5|) . Then this is a 
root set, and the above special values can be interpreted as special values of zeta-functions 
of Aj Ac) . 

Theorem 8.2. The family of zeta-functions ( r (s^ a,b,c \ 0; A^' (A r )) is analytically closed, 
where s( a,6,c ) = (shj)h,j with (h,j) in the list (|8.5[) . 

Proof. We prove that zeta-functions Cr+i belonging to the above family can be expressed 
as a Mellin-Barnes integral, or multiple integrals, involving £ r also belonging to the above 
family. Let a, b £ N, c 6 No with a + b + c = r. We show that all of the zeta-functions 
Cr+i associated with (i) A^* +1 ' 6 ' c , (ii) A^*' 6+1 ' c , (iii) A^' b ' c+1 ^ have integral expressions 

involving the zeta-function of A+' b ' c \ 
From (18.41) we see that 



(8.6) Cr(s (a ' 6 ' c) ,0;Af' 6 ' c) (A r )) = £ [J^x + m 2 + • ■ ■ + m a+b+c+1 ^r sij 

mi,...,m a+b+c =l j=l 
a+6+c 

X I I (^1 + "T-2H h m-a+6+c+l-i) _Slj 

j=fe+c+l 
a+6+c 

x (m a+ i + m a+2 H + m 2a+b+c+ i- j y Sa+1 ' j , 

j=a+c+l 

which is, by renaming the variables, 

oo 

(8.7) = Yl (mi + ■ ■ ■ + m a+b+1 )- Sl1 ■ ■ ■ { mi + ■ ■ ■ + m a+b+c )- Sl - 

mi,...,m a+ t, +c =l 

x m^ S21 (mi + m 2 )~ S22 ■ ■ ■ (mi H h m a )~ S2a 

x m~+f(m a+ i + m a+2 )~ S32 ■ ■ ■ (m a+ i + ■■■+ m a+b )~ s ' ib . 

Now we consider the above three cases (i), (ii) and (iii) separately. 

The simplest case is (iii) . When we replace c by c + 1 in (|8.7|) , the differences are that 
the summation is now with respect to mi, . . . ,m a+b+c+ i, and a new factor (mi + • • ■ + 
ma+b+c+i)~ Sl ' c+1 appears. Dividing this factor as 

(mi + ••• + m a+fe+c+ ir Sl < c+1 
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K + - + m a+b+c )-^ + i I 1 + ™«+fc-H>+l ^ 

V mi H h m a+b+t 

and apply (|8.2p as in the argument of (|8.3p . we find that the sum with respect to m a + 0+c +i 
is separated, which produces a Riemann zeta factor, and hence the zeta-function of 
^(a,fe,c+i) can k e expressed as an integral of Mellin-Barnes type, involving gamma fac- 
tors, a Riemann zeta factor, and the zeta-function of A+' 6 . 

Next consider the case (ii). When we replace b by b + 1, (|8.7p is changed to 

oo 

(8.8) = ( m i + ' ' ' + m a+b+2y Sl1 • • • {mi + ■ ■ ■ + m a+b+c+1 )- Slc 

m 1 ,...,m a+b+c+1 =l 

x m[ S21 (mi + m 2 )~ S22 ■ ■ ■ (mi H h m a )~ s ' 2a 

x m~sf(m a +i + m a+2 y S32 ■ ■ ■ (m a+1 + ■■■ + m a+h y S3b 
x (m a+ i + ■■■ + m a+b+ i)- S3 ' b+1 . 
The last factor is 

(8.9) = (m a+1 + • • • + m a+fe )- s 3,fc+i 1 + Jt±0±l 

V m a+1 H h m a+0 



(ma+i + ■ ■ ■ + m a+fe )- s 3^+i 

i /" r(s 3jfe+ i + z)r(-z) / m a+6+ i 



2™J(k) r(s 3)6+ i) \m a+ i-\ Vm a+b 



dz. 



The factors (mi + • • • + m a+b+n ) Sl > n -i (2 < n < c + 1) also include the term m a+0 +i. We 
divide these factors as 

(mi H h m a+b + m a+b+2 H h m a+ & +n )~ Sl,n - 1 



1 + 



mi H h m a+0 + m a+0 + 2 H h m a+0+n 

and apply (|8.2p to obtain 
(8.10) 

(mi + • • • + m a+6+n )- S1 '' 1 - 1 

= (mi H h m a+b + m a + 0+2 H h ma+b+n)" 51 '™- 1 

y 1 f r ( s l,n-l + ^n)r(-Zn) / m a+0 +i ^ 



2vri 7 (Kn) r(s liW _i) V m i H 1" m a+fe + m a+0 + 2 H h m a+6 + n 

for 2 < n < c + 1. Substituting (USD and flSTTOl) into (|BTBjh we find that the sum with 
respect to m a + 0+1 is separated and gives a Riemann zeta factor C(~ z 2 — ■ ■ ■ — z c+ \ — z). 
Since the remaining sum produces the zeta-function of A^' 6 '^, we obtain that the zeta- 
function of A+' 6+ can be expressed as a (c + l)-ple integral of Mellin-Barnes type 

involving C(~ z 2 — ■ ■ ■ — z c+ \ — z) and the zeta-function of A+ b ' c \ 

The case (i) is similar; we omit the details, only noting that in this case the variable to 
be separated is m a +i. The proof of Theorem 18.21 is now complete. □ 



9. Proof of fundamental formulas 
In this section we prove fundamental formulas stated in Section [3J 
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Lemma 9.1. For B C A + and VGf, we have 

(9.1) L,h.[VnB] = {v G F | (w,^J) = /or a// /3 G V \ B}. 

Proof. Let u be an element of the right-hand side. We write v = X^/3ev c pfi ano - have 
op = for all /3 G V \ B and hence 

(9.2) v= € L.h.[V fl B]. 

^evnfl 

The converse is shown similarly. □ 



Proof of Theorem\3l\ For t = {t a ) a£A+ G T, y G V, V G V, B C A + and q G 
Q V /L(V V ), let 



(9.3) 



F(t,y;V, J B,g) = (-l)l B \ v l [] — — y , 

\ e A + \(VUB) *7 " ^V\B ^(7 V , ^ ) 

t^exp(^{y + g} Vl( g) 



x 



n 



e*/ 3 - 1 
/3ev\B 



so that 

(9.4) F(t, y; A) = £ ^v/L, E ^ * V ' < «)■ 

Vgr iv / v ;i 96 qv/ L ( V v) 

Assume y£7\ fj,^> , and let 

(9.5) Fj = F(t,y;V,Aj,q). 

We calculate D Uj+1 Fj. First, since y ^ noting Remark 13.51 we find that 

(9-6) d »? +1 F i = { e ^wy>H 

/9ev\A j 

Consider the case z/j+i G V. Then (uJ +1 ,fiY) = o~v ]+1 ,f3 and 

(9-7) ^2 t^(i/J +1 ,nJ) =t j+1 , 

l3ev\Aj 

where we write t Vj+x = tj + \ for brevity. Hence we have d u y ^Fj = tj+iFj. Therefore we 
obtain 

© F . - (_i)\a 3 \v\( tt h 

7 eA + \(vuA,) *t " ^/3ev\(A J u{^ +l} ) W 

(9 8) 

/ 3ev\(A J u{^ +1 }) 

which is equal to F j+1 because A + \ (V U (Aj U {vj+i})) = A + \ (V U Aj) and |(Aj U 
fo+i})\V| = |A,-\V|. 

Next consider the case Vj+i ^ V. If (i/V +1 , //Y) = for all ft G V \ Aj, then 

(9-9) 9 >>? + i F j = { E W V )+X>$)) F 5 = Q 

and hence T) Uj+1 Fj = 0. Otherwise, since 

(9.10) 



dU 



j'+i 
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we have 

»^- = (-l)IMv|+i( Yl 1 



(9 11) 

/ tt gp(w + g}v,/j) 

x I 11 e53i 

/ 3ev\A j 

By noting V \ (Aj U {^+i}) = V \ Aj and |(A,- U {vj+i}) \ V| = |A,- \ V| + 1 we find that 
the right-hand side is equal to Fj+%. 

We see that the condition (uj + x,fiY) = for all (3 € ~V\Aj is equivalent to the condition 
fj+l € L.h.[V n Aj]. Therefore the above results can be summarized as 



(9.12) «D Uj+1 Fj - 
Hence 

(9.13) ® A F 



( u j+i £ L.h.[V n Aj]), 

F j+1 (u j+l ^L.la.[VnAj]). 



o (v i r A ), 
f n (v g y A ). 



Similarly to the above calculations, we see that 2)^,2-^0 gives the same result as (|9.13p . 
Thus, since F = F(t, y; V, 0, q), from we obtain (pESj) . 
The continuity follows from the limit 

(9.14) lim {y + g + c</>} v ,/3 = {y + g}v,/3 

e— >0+ 

(see the last part of the proof of [17\ Theorem 4.1].) Finally, since F(t, y; A) is holomorphic 
with respect to t around the origin, so is (DaF) (t a* , y; A) with respect to t a* • The proof 
of Theorem 13.71 is thus complete. □ 

Proof of Theorem VJ.fA First assume y € V\fjg. Let k' = (k' a ) a< z^ + with k' a = k a 
(q G A*), k' a = 2 (a € A+ \ A* = A). Then by Proposition EH we have 

(9.15) =E( II (-!)*«) Cr^k'^y; A) 

uiGW aeA + n«>A_ 

(2vri) fc - 



(-l)l^,y;A)( n ^) 



Applying riaeA *° * ne aDove - From the first line we observe that each <9 2 v produces the 
factor (27ri(a v , A)) 2 . Hence the factor £ r (vu~^ls!, w~ 1 y; A) on the second line is transformed 
into (2iri) 2 ^Cr(w~ 1 li., w~ l y; A). Therefore we have 

(9.16) (2vri) 2 l A l^( J] (-1)^)^(10-% w^y; A) 

wew aeA + ntoA_ 

= (-l)'*+'(n*)nk',y;A)(lI 

Since 

nW=(n^)(n^" 

aG A+ J agA* 7 Va Z ' 
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we have 



E( II (-l) fa )Cr(w- 1 k,«;- 1 y;A) 

oGA + ntoA_ 

l)l^(n^)^,y;A)( n ^). 



weW a£A + C\wA 



a€A VeA 

From (|3.1|) it follows that 

(9.18) (n~ ^)F(t,y;A)= y. (n^in^ 

agA a 



t Q =0 



2 / 'AX mQ ,l 



m„eN (aeA*) 
m a =2(aeA) 

By Theorem 13.71 we see that the left-hand side of (|9.18p is equal to 

(9.19) F A *(t A *,y;A)= ^ P A ,(m A »,y;A) [J -2L-. 

m A «eNl A *l 

Comparing (^T5|) with (^T9"|) we find that 

' II P(k', y; A) = P A . (k A . , y; A). 

aeA 

Therefore (|9.17p implies the desired result when y € V \ By the continuity with 
respect to y, the result is also valid in the case when y G Sjgg. □ 

Remark 9.2. It is possible to prove Theorem 13.91 bv use of Da instead of Da2- In this 
method, we need to consider the case k a = 1 for some a £ A and such an argument is 
indeed valid. (See [20], Remark 3.2].) 

10. Proofs of Theorems 15. 21 and 16.41 

In this final section we prove Theorems 15.21 and 16.41 The basic principle of the proofs 
of these theorems is similar to that of the argument developed in |19t Section 7]. We first 
state the following lemma. 

Lemma 10.1. For an arbitrary function f : No — > C and d £ N, we have 

d k C Y ■ W2] 

(10.1) ]T <j>{d - k)e d - k £ /(fc - „)HL = -^f(d + C(20/(d " 2£), 

k=0 u=0 ' £=0 

where we denote the integer part of x € R by [x], Ej = (1 + (— l) J )/2 (j € Z) and 

<K*) = E m >i(-i) m ™- s = (2 1 " 8 - 1) CM- 

Proof. This can be immediately obtained by combining (2.6) and (2.7) (with the choice 
= mf(x - 1) ) in [301 Lemma 2.1]. □ 

Proo/ of Theorem\EM From [13 (4.31) and (4.32)], we have 

ngZ* j=0 J ' 

for a > 2 and € [— vr,7r], where Z* = Z \ {0}. For with \x\ < 1 and \y\ < 1, 

multiply the above by 

(10.3) ^ (-l)'+ TO a; 'i/ m e i ( ,+ ' n ^. 

Z,mSN 



22 



YASUSHI KOMORI, KOHJI MATSUMOTO, AND HIROFUMI TSUMURA 



Separating the terms corresponding to I + m + n = 0, we obtain 

E E 



i=o i,meN ^' 

= -(-i) a E 



(Z + m) a 

for € [— 7r, 7r]. The right-hand side of the above is constant with respect to 9. Therefore 
we can apply |19|, Lemma 6.2] with h = 1, a% = a, d = c > 2, 

<w = E 

i.mSN.nGZ* 
!+m+n=JV 



L>(iV;r;l) 



£ i:meN x l y m (N >2,r = 0), 
(otherwise) 



in the notation of [19j . The result is 

^_^y+m+n x l ym e i(l+m+n)8 



E E 



n a (l + m + reV 



2E*-^E( J "i!r 1 ) ( - 1) "E 



i=o 5=0 v I,m£N v ; s 

j=0 5=0 V 7 l,m€N y ' s 

Replace x by —xe~ l6 and separate the term corresponding tom+n = in the first member 
on the left-hand side, and apply [191 Lemma 6.2] again with d = b > 2. Then we can 
obtain 

. . ( i\m+n l in i(m+n)0 

(10 4) V V y 

^ ^ n a (m + n) b (l + m + n) c 

i=o 5=0 w=o \ / \ / 

(-l) m x z y m e im9 (i0)£ 
X ^ m b+UJ (l + m) c +-?-^ £! 



j=0 5=0 w=0 



E 

l,mSN 



L.m ^g)5 
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*±«c- ^ ± g (" + »~ r ) ( 3 ~ ( ~ w _ t " ~ *) (-ir ' 

{-l) l x l y m e- iW (i6f 



E 



(-Z) 6+ <"(/ + m)a+j-Z-" £\ 

l,m£N v ' v ' 



+ 2 e - ^ e £ (" + r { ) (-ir (" " 1 ; " T ~ *) ^r 1 

X ^ (_/)i-«+^+l(^ + m )a+ C -l-cu £| • 

Since a, 6, c > 2, we can let x, y — > 1 on the both sides because of absolute convergence. 
Then set 9 = ir, and consider the left-hand side of the resulting formula first. The con- 
tribution of the terms corresponding to m + 2n = is obviously ( — l) a C2(a + b, c). The 
contribution of the terms corresponding to I + m + 2n = is (with rewriting — n by n) 

V - 

^ i n a+c (m-n) b ' 

m/n,m<2n 

which is, by separating into two parts according to n < m < 2n and < m < n, 
equal to (-l) a (l + (-1)%(6, a + c). We can also see that the contribution of the terms 
corresponding to I + 2m + 2n = is 

(-!) a Y ^7 - = (-l) a+b ( 2 (b + c,a). 

v 1 n a (m-n) b (n-m) c v ' v ; 

n>m 

The remaining part of the left-hand side is 



E E 



n a (m + n) b (l + m + n) c 

m+2n^0 
i+m+n^O 

( + 2m+2n#0 

= <s(o, 6, c) + (-!)• £ £ 



n a (m — n) fe (7 + m — n) c 

l + m^2n 
!+2m^2n 

On the above double sum, replace j = m — n and k = n — m correspondingly to m > n 
and m < n, respectively. On the part corresponding to m > n, we further divide the sum 
into three parts according to I + j < n, j<n<l+j,n<j and find that the contribution 
of this part is 

{( 3 (b, c, a) + ( 3 (b, a, c) + ( 3 (a, b, c)} . 

Similarly we treat the part m < n. Collecting the above results, we obtain that the 
left-hand side is 

(-1)°{ (1 + (-l) a )C 3 (a, b, c) + (1 + (-1) 6 ) (C 3 (6, a, c) + ( 3 (b, c, a)) 
+ (-1) 6 (1 + (-l) c )C 3 (c, b, a) + C 2 (a + b, c) 
+ (1 + (-!)%(&, a + c) + (-l) b ( 2 (b + c,a) 
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On the other hand, applying Lemma llU-H we can rewrite the right-hand side to 

[a/2] a-25 



2( - ir { yj c (20 e (" + ' " ') ( a + c " c 2{ r " " ') 6(» + »■ « + - - * - «) 

^ 5=0 a;=0 \ / \ / 

+ EC(2e)E( W + 6 - 2C )( a + C -"- 2 )c2(6-2e + . + l,a + c-l-a;) 

+ (-l) b E^)E( w )( a _i JC2(& + w,a + c-2£- W ) 

+ (-l)'|: , C(2{)g( 1J + '- 2 «)(" + C :"- 2 )c 2 (i.-2{ + W+ l,a + e-l- W )l 
5=0 w=o V ^ / V a / J 

This completes the proof of Theorem 15.21 □ 



Finally we give the proof of Theorem 16.41 
Proof of Theorem \6.4\ Let p G N>2 and s G M>i. It follows from |241 Equation (4.7)] that 
r_ 1 y+m x m e i(l+m)e * ( ^ (-l) m x m e ime ) (i8) j 

E ^ 2^;^(P-j)^jE — ^ — Kr 

m=l 

for G [— 7r, 7r] and x G C with |x| < 1. Setting x = —e ld on the both sides and separating 
the term corresponding to I + 2m = of the first term on the left-hand side, we have 

(-l)'e«+2'»)« * f ~ 1 ( W y 

£ 2 E*-^ E— V" 

!£Z*,meN j=0 l.m=l ,* 



+ (-if bli 6 = _ v - 

v ; m s+ P (-2m)Pm s 

m=l 



m=l 

By |19t Lemma 6.2] with d = q > 2, we obtain 



(10.5) £ 



(_iy e i(l+2m)6 

lPm s (l + 2m)9 



2 E^-^E( U+H ^ m^+H £1 

j=0 5=0 v 17 s 7 m=l s ' 

2 E - E ( ) 2 P+i-? E m s+ P +i-5 £i 



j=0 5=0 v m 

\m n im9 



-(-i)py 1 lj e 



m s+p+q 
m=l 



A STUDY ON MULTIPLE ZETA VALUES 25 



Let 6 = 7T and using Lemma 111). 11 Then the right-hand side of (|1U.5|) is equal to 

[P/2] 



(10.6) 2(-lf £ ( P + q _\ ^ C(2f)C(- + P + Q-20 

[9/2] 1 / i 1 nt\ 

-(-iyC(s + P + g). 

On the other hand, we can see that the left-hand side can be written in terms of the 
zeta- function of B 2 . Recall that 

C2(si, s 2 , s 3 , s 4 ; B 2 ) = C2((si, s 2 , s 3 , s 4 ), 0; A(5 2 )) 



E E 

mi=l ?Ti2 



m^m^ 2 {mi + m2) S3 {2m\ + m2) S4 



The contribution of the terms with I > to the left-hand side is obviously Cz(s,p, 0, q\B 2 ). 
As for the terms with / < 0, we rewrite — I by /, divide the sum into three parts according 
to the conditions I < m, m < I < 2m and I > 2m, and evaluate each part in terms of the 
zeta- function of B 2 . The conclusion is that the left-hand side is 

(10.7) C 2 (s,p, 0, q; B 2 ) + (-1)^(0,?, s, ?; B 2 ) + (-1) P C 2 (0, q, s,p; B 2 ) 

+ (-iy+«(2(s,q,0,P;B 2 ). 

We combine (|10.6p and (|1Q.7|) and multiply by (— l) p . Then we can set s = because 
(|10.6p and ()10.7p are absolutely convergent for s > —1. Noting ( 2 (0,p, 0, q; B 2 ) = C\{p,q), 
we complete the proof of Theorem 16.41 □ 
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